



































































































































Then Every convergentsequence Gul is bounded
Pyoof Suppose that fig sues Choose any e o

then there exists a week s.tn Isu Sl se f n u

Then EL Su s E if h N s E she see if
h N if Fu Snu Suez then s e is

a lower bound on and Ste is an upperbound on
Observe that si Sz si se in so USN

since Si Sul is finite it is bounded from
below by mines so and from above by the
Max Isi SN f max si SN Ste is an

upper bound on si Sz and win s Sw S E

is a lower bound on si S2 n 1

Them suppose that figgis and KEIR Then

ksn converges as no and figgksu

kfuigsuIdea.lksn ksl lklsn sy lkllsn sn.la e

Isu SKE assuming that k 01

Root Let k 0 Chooseany e o then bydefof limit fringes
there exists a NER s't Isn s Is Ez if u N






































































































































It follows that if n s N I tell su s I se

Ik Gu SSI s E IKsn Ks I se definition

of the limit holds for ksuand
luringksn k s

Let h o choose any eso and let N o if
h S N I les n les o su o s I O C E

lyinKsn Ks

Thmi suppose that figg sues and fim.tn t then

LingGutta Lingsu fifth stt

Idea IEntth Etty I satth s t 1 1Gn sit Ctu HI
I Sh s l t I th TI s e can require Isn s I eE Ith ti sE

Proofs Choose
any e

o C Because whin su S

F N E IR s t h S N I Su SI s Ee
2 Because uhin.tn t

t N Ek s t h s N Ith ti s EL 2

Now let h N max Ni Na h S N hence






































































































































Isn S Is E and h Oz hence I tu the ezThereforeif u N lEntth Etty I satth s tt

I Gu s tCtu HI Isn s l t I th TI e Et E e

The If figg sues and figgth t then

figgsaith st

Ideai Isnt n stl Isnta suttsut stl

IsnCtn Ht sa sitt I suHn th t It G sull
15h1CM Hh

Isnt It th I t It1 Is Sal E M I th tht Itt Is snl
E c if I th th eEn and Isn s l s ti

Prod By the first thm above because Isn
converges it is bounded thereexists an Mso
s t Isn I am for all n s 1 Set it maxEM Itil

Choose any
e o 41Because LingSu es there exists

an N C IR s t h S N Isn s I e EE
61Because fifth et there exists

an HER sit his Nz Itn Hc EE If n max IN0d

then h N and Isn Slc EF also in Nzand Ita Hc






































































































































Isnt n stl I satin suttsut stl

I snctn tttlsn ssttitolsuttn.tl tItGsuH1SnkMcVh

lsa1lt tul tells sale in Itu tltltlls

snlsmltutltmls.sn cmTEytMTEycEztE Ci

Recall that if su is such that sa fo for
all us I and lien Su s 0 inf Sul o

n x

Theorem suppose that su is such that sa fo for
all u i and lnign.su s 0 then

finish s

idea for an e o want 1st f Ice
IT It I lsh sl glsn.si

su1ls Ts
because

by the result above lsnls.int sul m so for all new

l's II E sniff se Isn standee
constant

Root Choose any
e 0 since figgsu s by






































































































































definition of the limit there exists an Nek
sit Isn s1 am Isle if h N Then if h N

Ist Ist Is I e'shifts44 e

Theorem suppose that su is such that sa fo for
all n s l and luringsu s 0 Assume also
that bing.tn t

align I frigate
king su

Proot By the preceding thou luging fist
This

fin Egotist fistulas's t's
nhia.tn lniggsn

Thin Basic limits

C figghttp 0 if p o

Koot choose any e o and set D

if u N we have this of the
E because h N h NP Fps Dax


























































































































2 finna o if I al s l

Koot a a o trivial because 1911 0
for all n and the limit of a constant
sequence is that constant

b suppose that 0 la I e l lat Is
for some b o Then 191 4

nE
hb Fb

Now if e o set N fb induction

flat ol talk LIE E il base step
544 Cubs It b

if u N true

114
Assume that

G bin n'h l Gtb Hub
h X

to n ie aowYsi Iiiii iE
lthbxbthb2

Ita Z E h h 1 a'that I
It htt b D

to demonstrate this use inducthouCat base step Ita It a II ti a't ta 11

b Inductive step Assume that



Ita 3 Inch 1 a'that I holds

Ita Ita Ita 7 Gta h h 1 a'that I
h h 1 a't hat 1 t z h h 1 a't na't a

E h Ch 1 a't na't Cha ta I t l t th Ch da
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h k Sh 11 h Suti 3 E h h il sit hSutL
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h h Il si h E h h il si
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we want to show that buyingsin o To this end
Now choose any c 0 Want Isn ol L E of h N

fol some N E IR We have

Isn ol Isnt sus TE se c c

S h I I h Eat I U if a u

following the chain of inequalities backward



we conclude that Isn ol se figgsy 0

by definition of the limit

kin uh EssentialEEIfsnhig.sn
lying I 0 1 1 Be

C lying ah i for
any

a o

Proof Consider the case a I first Then

if n a is a Sh figg ah 31
and kinguh I friggak e i Inga't I

Now suppose a I at I luring HE 1

by above I king Eat tug

king Yigal Eisa t
h no

Ex 1 figg En 4hY fig t friggin

5 luring t 4 figs 5.0 14.0 0



E lying 244 4.54 2luigi.nlht4figg5k
2.1 4.1 6

Exe figs h4s firm thats
2h h 16 use that h 161

this.ttjntTikiz4t5IutYu4y0onhinkYut6 u4

kiss 151mg'T 1k a i
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Exs frighten n lyiggchhkfntulfhtutn
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Eg Tt hEYenigg FEtil
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z fighting'Etto



Defi The sequence sa converges to x if for

any M o there exists an NER s.t.sn 14

if u N In this case we write
lim Su
h V x

Defi The sequence sa converges to x if for

any Mco there exists an NER s it she 14

if u N In this case we write
him su x
h x

Ext tuff 2h43

Idea Choose 14 3 want 2h43 M s

2h M S I h He S h TEE N
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zu M s 2h43 M is

exz lying III no

choose M o want Y g 14

Idea IIIT II n M N

Proofi suppose n N h M Then



YET n M ta

ein
choose

any Mso want thigh's M
43 3

Idea 2h if u 4 becauseh 16 ht 6

zu's I Yu's n such

onions a e 1 as long as u s

If u 6 2hntghfe h.sn2 hIsM
n's 4M n Fun

works because
Mao

N max Ca Ffu if n N

we have ZhIIi L M 1

Thad Ling Su x Liszt n t where t x or

a finite positive Then fryingtush re

Proof



Idea Gwen M 0 want to show that there
exists an N E IR s t n s N su th 14

Proof
C align.tn a F N E R s t n N tu I

Also since lyingsu no there exists an Nz ER

s t h Nz su M Then set N max Cafe Nc
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3

Therefore if h N we have that th s t
Beaaule lugingSu no there exists an NzC IR
s t h Nz su 4th
Then if N max Ni Ne whenever h N

we have that th tk and su
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Three c Suppose that luigi su x

thing IT o

G suppose that Ssus is a sequence
of positive is such that figgs u o

kin s no

Proof C Choose e 0 Then because

kings su no there exists a NER s it

su f if u N Then ska ol 1st I

s c

CY Ssu is a sequence of positive s sit

figgsn 0 Choose any he
0 then

there exists an NER s it Isn ol Ty if u N

EI sus ta if u N In u if u 0


