
 

DIE A sequence 3Su's is increasing if she s s u for
all n s l

Det A sequence Snl is decreasing if she Esu for
all n 1

If a sequence is either decusing or increasingthen
it is monotone

If the inequalities in the definition above are
replaced by strict inequalities e.g sua su

suit su then a given sequence is strictly
increasing or decreasing
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Exe suppose that su C it l l I l



sequence is not monotone

ExI a suppose that she 1 for all us I

Suit Su I I O th I suit Su Hu I

Sati E Su 4h31

say s sa f
it is decreasing
su is increasing

b Suppose that Ssu is both increasingand
decreasing say su AHH and

Shi E Sn th 31 Sort Sn Ha I

su is a constant sequence

Ex Is the sequence 5h h h 33

monotone Consider sun su 4
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ht n c h l h 2
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check if f is 9 or 1
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f is strictly 6 when x o Isnt is
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Properties of monotone sequences

Thad Any increasing sequence sis that is
bounded from above converges

Proofs Since I sing is bounded fromabove gsu
has a supremum sup su L It follows that

she L for all n s I sus Lte fer ang e 0

Fix an e 0 Because L is the supremum of sus
L e is not an upper bound on Isaf there exists



an su L E We know that Esu is increasing
Sn Siu for any h N su L e to call

h N L e s Sn s Lte if u N

e a Sn La e ut h s N
Isn Llc E of h N

nhin.sn L by the definitionofthe limit
In the same way we can prove

the Any decreasing sequence sis that is
bounded from below converges

Any monotone bounded sequence converges

Thar 3 Suppose that Esu is increasing and
not bounded from above figgsu D

Pcoot choose M o This M is not an upper
bound of Isn because say is not bounded
from above there exists an N e k
s it s n M However 3Snl is 19

Sn so if u N su u if u N
kingSn a 1



Thin 4 Suppose that Esu is decreasing and
not bounded from below luigi.su no

Any monotone sequence Snl converges

Exe Suppose s L and shy TH th 31

S L silt D 53 57 i j su in terms
of h is not available Does this sequence convergeand

if yes what is the limit

Conjecture Ssn is bounded she 2 th

To show this use induction
a Base step h L s Is 2

b Inductivestep suppose Shaz sat 2 2 12 4

sniff FE 2 Dex

su is bounded from above by 2

Conjecture sus is monotone 4 To show this
fix any hw sat _TE TH its t.su

Tsf Sh sat Sn

Ssu is increasing



Esu being monotone increasing and boundedfrom
above converges finish existsand
equal to some SE IR To find s

s hniggsn tiggshti uhjngfsfz F.GE
Mst s Tst 5 stz

5 s 2 0 s z figgsuT

Given any sequence su what are possiblechoices
of behavior when u x

C sus is monotone LingSu s s iseither
a number X oh Q

G There exists an index NEIN sit the tail of the
sequence Sulu µ is monotone Then

luiggsu s s iseither
a humble X oh X

s Ssn oscillates as no x tungSu may or

maynot exist

Ext su C it Ssn oscillates between I

and I does notconverge



ExI Sn this s I s z I Sze f
sequence oscillates but the window ofoscillationsdecreases to 0 as no x su o as

h X

How to prove that figs this o

Try to use properties of limits lugingthe
luringC it figght d h e o o o makes no

cannot use properties
sense

One alternative is to use thedefinitionof limit
Idea Isn ol I thII f s e n N

if u N then Isu 01CEDE
another alternative use the Theorem

Thin huiggsu o thingbut o

Then luring'T o figure the o

How can we measure what happens to oscillations
of su GLI as n gets bigger



Consider Ssn as a subset of R Thinking about
oscillations take sup snl and in flag
all elements of Esnl lie between infgsu and
sup Snl infer sup sus provides the

window within which the entire sequence oscillates

if thI 1 and supthis L
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infthI t and gy.EE z

infthI s and snug It

if WI if heis even sup
n kn iz if hisodds ns.kt It iffy L

let1

If heis even window ofoscillations is ha I

If he is odd window ofoscillations is I II

window of oscillations for Ssn o

as k x sequence su converges to 0



Repeat this for C l

guys C HII and i C it I

YEE HEI and if C it I

sight it and in C it

as know the window of oscillations
remains L l D C i does not converge

as h x

To make this precise

suppose that we have a sequence su Define

5 in su he gypk.sn for I

yet and She are sequences in R

Note that

ssnln.ie ssnsn.hu IIsEdiII
YEIY.tfnsyyfe.su um sups 3 sups

for any k 1 and



YE saypush 3 s
hfu Viet for any I

Ye is monotone 6 fuel is monotone 9
Thin

both vwf and guns converge as knowabout
monotoneseq

figure exists s luigi foul exists

denote this by lingigf su or hnif.sn

and call this quantity limit inferior
of Snl

1 figgVu exists S Luigi Gypsy exists

denote this by lingsyp su or F.sn
and call this quantity limit superior
of Snl

Note fine su and KI.su always exist

bing.sn nhig.sn hunting window of oscillations
for Ssn
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casting.hn vagus.EE sny.EhIIT snYH

his it's.sn inIT
ligzvu uhig.l l
K

asking ii.it iiitiiiiT iiYiu E.I
i E fight fig iii
bing.ua lim Li Lhe x

Ex Find him f 2 and him f4hh 8 h x
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luigzvu a

b fight au night 4 no

fine C4h figs iiifatal
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Thm suppose that Gg sues figgth t

and su th the IN s t

Prod suppose that on the contrary sat

set o By properties of
limits s t figgsn higti fim.cn th
then by definition of limit there
exists a NER s't I Guth f that's
if u N s Gu th Cs Hc if u NZ 2

of su th s tt sat so
4

nonnegative by our assumption
becausesixth that set

contradiction s t

Thani µgFsn 3 Finash

Proof For any KEN UEingfesuffypesh Vk



Bythe previous Thar things figuresuhjgvifif.sn

Thin Given a sequence su

G If nliggsu is defined then nhif.su YES 5 kingsn

2 If nhiqsu hgu.su then figgs is defined and

nhin.su nhif.su high
Proofi Will only prove for figgsa so ER

C Suppose that figgsu s te o FN Ek sit

Isn SI C E fol h N Thus

E s su sa E if u N
S E C Sn est E if u N

For any k N Ste is an upperbound on
a

Snlith and s e is a lower bound on Snth L
Thu

If he N glyphsn Este fash s E

finna Esa Este and figgins s e
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Here e is arbitrarily small

se finessefinishes

bin su Tim Su S 1Ix h six

2 Now suppose that Limsu finish s Wewant
to show that figg sees Chooseany e o

Because lyingsu s means that ugUu s there

exists a th Ek s t I un SI se f k KT Likewise

because lugingsu s means that Engines there

exists a KEK s t Nu S Is e f k ska

Suppose now that k max CEEz 11

Then because he KI we have 1Un Sl sc
and because k KI we have that Iva sloe
EC Un Sc E and EC Vu SC E

I
s E Uh_infesh and gypes5 Yes Ste

un v
S Es Sn th K and Sns St E th z k



Therefore if we set N k and take a N

S E s sus Ste Ec Sh S s e Isn Sts E

frig Su S

Recall that Ssn converges if there exists an
S C IR s t fore te O F N E IR s t Isn SI LE

him su s
h

Det suppose that for a sequence sus givenany
0 there exists an Nek set Ish su Ice
if h in s N The we call the sequence Ssu
a Cauchy sequence

Ext show that su T is a Cauchy sequence
Given au ESO want that Isn Sml E

Isn Sm I It Lm I E I'T It I htt I
suppose that men Isn Sm IE th th s th t th
Em see m E N Hence if h m N

we have Ith Lm I e E ME

Th m l Suppose that sa converges Then Ssu isCandy



Root Since Sul converges He 0 3 N s t

Isn Sl Ez if h N Then suppose that in n N

and consider Isn Sml Isn Sts su l f Isn s It Isuist

Et E E

thm.sc Suppose that Ssu is Cauchy Then sus is
bounded

Proof Suppose thats is Cauchy Fix any eso

def INE k s it Isu Sml see if him N Then

if we choose in Ntl we have Isn Suti ICE
for any h N It follows that

Es Su Sn e E if u N

Swt E s sus sunt E of h N

say E is a lower bound on SsnIn µ and

saute is an upperbound on Snl n µ

Consider the set su In mails su sanity
is an upperbound on Sulu 1 and min si ni SN Saric
is an lowerbound on Sulu 1 I Sulu is bounded



from above and below su us
is bounded

Thin Suppose that Snl is a Cauchy sequence
Then su converges

Proofs Fix an e o then there exists a NECK st
Isn sull E if h m N e a sa since if
m n C N S Sm Cc sus Smt E if him N

Fix m Nt I m N and we have that

Swa Cs sus sq t E for all u N

Choose any k N Sny Es sus Sutic if
h he say te is an upper bound on su h L

and Smi E is a lower bound on su n he

svelte 3 EYESn 3 infuser sun E Hk N

w
Ye 4k

also kin.k EIgsn Linge figs then
sending k x

Swat E 3 lungi Su 3 lungingSu 3 S Nti E



Now letting in N 12 Nts i we obtain that

Sm TE 3 YI Su 3 thingsn s s m e for any m N

sun 3 fnnj.su E for any in N

If he N and m s k we have sin 3 figureSu e

alignsn e is a lower bound on Ssm us he

jyfzsms.uhig.sn e for any k N

burn

Ffssu 3 fiftysu e f e 0

Letting ero hnig.sn fiftysu since always

II sus figs EI.su fine.sn

thingysu exists 1

Therefore
Thin Any sequence of real numbers converges

if and only if it is Cauchy



Ex Suppose that Su 0.123 n Esu c Q CIR
In IR this sequence converges to o 1234 how

terminatingnonrepeating decimal Ssn converges toThm
an irrational in IR Snl is a Cauchy sequence
in IR SSul is a Cauchysequence in Q However
the limit of Isn is not in IQ Therefore Cauchy

sequences in Ql do not have to be convergent in Ql


