
 

Given a sequence Zsu a series associatedwith
say is defined as

Ein Kid
14 a partial sum of the

series

If the limit exists series converges if the limit
is to the series diveyes otherwise the series

does

not converge
N i

44 is it FE I
0 I l

e Eog Tiithittitght figEog him TI
W n a t 9geometricseries
Consider a partial sum Su og It g tg'tn t 9k

g Su g t19 t not9k g tg't n t qktgk.tl S a It 9kt

g she Su I t g
k

l g
k

sa gshe Li g she

she
1944
i g

i i i i

dme if gE I



Eitel 1 1

ME E Tahiti Thiess ua taeIIuE
s 5

Yu's EY s I

E.EE EEtEi EEeiEi
my

geometricseries
series converges

EE.ci EEE.ociEI i
49

I I E Eliot II
41 E C it so HIEI

sie C Not G Ko
lien Su d n e 52 6114 ti t C15 1
ht x

the series doesnot
5 1141 1 11 114 G o

converge
5 Harmonic series T It It 1ft
observe I E Est Etty It L



Ist f t t t's s t t t t t t f L f t fot'T t't
Ystty t it 1 8 it z

In I EE E
diverge

Recall that Ioan converges if figg su exists
where she Egan sa is a Cauchysequence9hC IR

Hh30

V E o F N ER sit C m N Ise Sml se

He o TN ER sit es m N IIoan Eoaulse
He o t NER s t l m N I Im.in sE

5 te o IN c k s t e p N I pants E

If a series Ioan satisfies Cauchy criterion

te o t NER s t l p N I pants E

Ioan converges



Thu Test for divergence If figgan40 their Ewan

doesnot converge

Proof suppose that on the contrary EEoan converges

Eoau satisfies the Cauchy criterion
te o t NER s t l p N I pants E

Take e p N In.Epaulse or lap Ice

He o F NER s.t if p N then lapke
or lap ol CE things 0 or lying 95 0

A n

Ext E C Il d h c because finnyC it d me
h O

X ht 1
exe E d me because kin.net s nhigYfzI s4 0

2h 13

FO
x

Exg E L harmonicseries but him f O
a oh diverges how

Ex Egfr geometricseries figg o

with14 74 Dw Test is inconeconverged
lusive



Thin Comparison test suppose an 30 for all n
Then

no

C Iot Ioan converges and Ibuts an for all u
E b n convergesh D

c If Eoau diverges i e Ioan no and bus au
for all u IIobu x

Proof Ioan converges S Ioau satisfies the Cauchy
criterion He o I NER s it I EIeauI see it
in l N IIebut Ibetbet t int bmI
TE'tbelt Ibet I tint Ibml Isnt act am Egan
an 0
IEeant se if u e N Eobn satisfiesthe

Cauchy criterion Eobu converges

suppose that Ioan no LingEoan x

However because bus an for all n IoanE obu

lyingEobu x by the comparison Thai far
limits



Def Ioan converges absolutely if EoIan1 converges

bet Euan converges conditionally if Ioconverges
but Eo laul diverges

The suppose that Ioan converges absolutely
Ewan converges

Proof we have that FEolant converges Clearly
Ian1 1ant for all u EEoan converges

Thin RootTest suppose that figs laul L then

C If Lcl Ioanconverges absolutely
G If L I Ioan diverges or doesnotconverge
3 If L I test is inconclusive

Proof G L e l there exists an e o small
enough so that Lt e e because

fig laul L there exists a NER s it

I snugelaulk L I e e if he N S es sny.peaul Lee



if he N L e qq.peaul state of KSN

guff laulks Lte smug laulks Lte

Ian14hL Lte for any h N

lanl a e for any h N Ltd l
w
I Cdte convert

c T I
kN 4 yes

no
E laul convergeshe Ntl

Eolant IEolaultEEaianl
mm mm

finite convergent
SUM

the entireseriesconverges

G suppose that dsl i e luging laul 1 Then

there exists a subsequence and sit luigilanalkh

L I starting from some K o lanal
Yha

I

land the L for all k K Now if
we assume that



king Ian1 0 luringland o i contradicts

lands 1 for all k s K

i king Ian Ito fins auto III Ioan
does not

converge

G finalan IE 1

exit an L fig figs

kinYuligghYu Yi I

Egg E I L L

In this case ht diverges because this is
a harmonic series

EE an Egg the figs c
leg's kiss a I finna El

x

2 1 However E th converges 1b I



Thin RatioTest The series Zan

41 Converges absolutely if figure lahat l s l

Diverges if thing I 9 I I
3 The test is inconclusive if firm lahat l s l and

fin I I E l

Recall that we proved

f I THI e fine Ianl E En I aul s II thatI
If fgi.la I e l Em I aul s I Ioan

converges absolutely by the Root test

If fifa ITHI s I fig 1an l s I Eo an

divergesby the Root test

To prove G again use the examples an f and
an the

1

since we used the RootTest to prove theRatio test
the Root Test is stronger i e there are examples

when the RootTest works but theRatio test isinconclusiveIf the Root test is inconclusive Ratio test



is inconclusive indeed if
Tim Ian14h I
h J a

k I TEI e fig 1am ele EI I I

k I I e l kid I

There is however the case when bothtests
are equivalent

Corday It fingI ah I L figgIan14h L

and both the Ratio and the Root tests are equivalent

Moot If figslah I L finalahatl uhgi.lauI L
Because

L f I THI e fine Ianl E Eng I aul s II thatI L

fine Ianl fig lad L figglanl L 1

Exel Does the series EEo z
t h

converge
eight'sCutt

is use the RatioTest tug I AITl fin c ith n

fig d it
t C it 4th th feign Gbh I



The sequence 22Gt
I looks like

z
s
z I 2 whin 22Gt I z I

at the same time lying22
t l t I z

s
g

RatioTest is inconclusive

2 use the Roottest

ftp.lzai h
Yh nhgT.ztIn uhiI Ea

the series converges absolutely by the Roottest

Ex Does the series Eo converge

frig z s fo the seriesdiverges by Divergence

test

Exe Does the series Eo I converge

king fig I o Divergencetest is
inconclusive

Try the Ratio test
nti t1

him Ft
non I Es shation YETThisT.IT



I inconclusive By the corollaryabove

figg 13 14 I Roottest is inconclusive

Ty comparison test Motivation when u is large 4 ugly

and EIT diverges Now 5 Ynez TIE IT thx I
Eo5 diverges by comparisonwith Est
In general If au is an algebraic expression in tears

of h involving constant powers roots

fractions BothRatioand Roottests
are inconclusive

Exi Does the series E E converge Yes this
is a geometric series with 2

Ex Does the sea's EE h E Use the Ratio

test

fig441161qu Isfig a l the series

converges absolutely

Exe IoIT where n L z Ch il n does this



series converge Use Ratio test

kin Etta him hi's on

The series convergesby the Ratio test


