
 

The purpose of this class is to provide rigorous
underpinnings to elementary calculus The
main idea is to identify the minimal set
of assumptions that will enable us to establish
various facts about functions and their
behavior and to define notions like a limit

continuity derivative etc The initial
assumptions are known as axioms and
logically provable facts that follow from
them are theorems

Since we will be dealing with numbers
throughout this course we beging with
their axiomatic definition

I Natural counting s

since these are used for counting we need
a concept of a surgeobject ore one

Also if we can count objects to say 3 we should
be able to add one more object to get 4
In other words every counting numbecshould have the next counting or a successes
for us to be able to keep counting Next



if two numbers have the same successor they
actually should be the same number for

counting to be meaningful it makes no

sense to say 5 appear after 4 and 51
If we are counting something then the least
number of objects you might have is 1 that
is 1 is not a successor of any counting
Finally our counting processcannot split into
several branches at some point each can

only have one successor Then if we start
from 1 and keep counting we should

eventuallygo through all counting s it would take
an infinite amount of time of course

These observations allow us to define
the set of natural s U via the following
set of axioms that we assume to be true

C I belongs to 1N
2 If h belongs to 1N then hit belongs to 1N
s l is not a successor ofany h in 1N
4 If h and m have the same successor then h m

5 suppose that S is a subsetof 1N suchthat Cal 1 belongsto s



and b If n is in S then n ti is in S Then 5 IN

we are now allowed to think that the setof
natural s 1N satisfies the properties i GI and
we can logically deduce other properties that
follow from these ones

Before illustrating how we can use at Gf inpractice
let is agree on the following notation

CA a E S means that a is an elementofS
a f S means that a is not an element of S
Sat means that the sets is a subsetof the
sett i.e if a e s a ET Here
means then

I Ha E S means for any a that is an element
of S
Ia ES means there exists an element a afs

xt means such that

Using this notation we can rewrite the axiom Csf
above as



5 Supposethat sCIN a I E S and b he s htt E S

Then S IN

we will also use similar notation to describe
infinite sets e.g the set A of all even

counting numbers can be denoted in the follow

ingway
A new Ike N s t h 2k

that is
A is the set of all natural numbers ns.t
there exists another natural number k
satisfying n 2k

which indeed means that h is even

Now let's return to applications of the axioms of
natural numbers

suppose we are given the list of infinitely many
statements P K Ps that may or maynot be
true For example this list may look likeP K D Dn

z l 3 2 473 i i h t I h in

clearly all ofthesestatements are true
Secondexample

P E B
l is divisibleby2 2 is divisibleby2 3 is divisibleby 2



Ph
o h is divisibleby 2

every other statement is true

Third example
P Pe B

l t z I 12 3 I 12 3 4 4

Ph
l t L t i it h l t h h hz i

while the first three statements can beeasilyverified
what about the remaining infinitely manystatements

To decide whether all of the infinitelymanystatementsare true we will use the method
of mathematical induction that I will
now describe

Returning to one list of infinitely many
statements P R Ps consider all statements
that are true and collect their indices
in a set that we will denote by s Cego
if only P Pz and Pss are true and the
rest of the statements are false then
s I 7,531 Observe that S is a subsetof
the set of all natural s i e Sc IN



Now suppose that we know that Cal P is

true and b if Pu is true then Put is true
This means that

a I E S and b if h E S htt ES

implying that S satisfies the conditions of
the axiom 5 S IN therefore the
statements Dn are true for all he 1N

We can summarize mathematical induction
as follows suppose that

C P is true basis of induction
2 If Pu is true then Dna is true

Cinduction step
then Du is true foe all he 1N

Example1 Prove that I 12 1 it Ch i Ith h

for all he 1N

C Basis of induction Pi I 14 true

2 Induction step suppose that Pu is true
that is I 2x i it Ch i Ith h We want

to use this information to prove that Put



is true The statement but is
It 2 1 in t Ch i th htt Chtilkut

2
Let is check if this is true
t thf htt t.ch tChtD

use Pu
ne Eti htt HEI

aHKhzt Dna is true
and the induction step holds We conclude
that ph is true for all new by mathematical
induction

Example 2 3 2h l is divisible by 4 for
all n E IN

Use mathematical induction
1 Basis of induction h I 3 al 1 0

and o is divisible by 4 ok

4 Induction step Assume s zu l is

divisible by 4 Fk C IN sit

3 zu i 4k Need to show that



3h 2 Cut l is divisibleby 4
We have 3 2 uti i 3.5 2h Z I

3 4kt 2h 11 2h 3 12kt 6h 13 2431
12kt Yu 4G teth divisible by Y ok

um
C IN

5 2h l is divisible by 4 for all new

Example 3 show that 513 is divisibleby 2
for all u C IN

C Basis of induction 5 31 2 divisibleby 2
OK

C Induction step Assume that 513 is

divisibleby 2 that is there exists a KEIN sit
5h 3h 2k Need to show that 541341
is divisible by 2
54 34 2K 5h43 s Sh Sh

5 342k 5 1 5.5 106
3.5 3 5 3 110 le
2 s 110k 2645k

divisible by 2 ok C IN



we conclude using mathematical induction
that 5h su is divisible by 2 for all new

Example 4 fslhhxlf.hr slnx1 for all he 1N
Use induction
C Basis of induction Ischx Is Israel true

Ok

Induction step Assume that

IsinhXI L h Isin x l
want to show that Isin Cutilx Scuti IsinH
Isin htt x I stir Lux x I I

sihhxcosxtcoshxs.mxE1sinhXcosx t eoshXsinX

lsiunxlLqx 1lcoshxllsiuxlflscnhxln.at
slnxlshlslhXItlslhx Chtdlsihxl ok

Is in hell s h Isin XI for all hE IN by
mathematical induction


