
 

If we define addition of natural members in a usual

way then it is easy to see that an outcome of adding
two natural numbers is a natural number We then will

say that the set 1N of natural numbers is under
addition On the other hand if we define thedifferenceof two natural numbers a and b as the
number a be IN s.t b t ca b a then this objectwould

only be defined if a b In order to extend the
definition of the difference to acb we need to

enlarge the set of natural numbers to include 0

and negative integers this gives us the set of all
integers 21 2 I o l z Note that INCE
and 21 is closed under subtraction

In 21 we can define multiplication in the usualway
where it is clear that a b e 21 ab e 21
21 is closed under multiplication However 21 is not
closed under division Yzof K Weenlarge21 by
introducing the set of rational numbers Q as follows
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From G it follows that the same rational wormbee
can be written in infinite.ly many ways If u andu
do not have common factors we say that the fraction
is irreducible From 61 it follows that K CQ and
the remaining properties ensure that Ql is closedunder
operations t and It would appear
then that IQ would be a sufficiently large set of
numbers for practical applications However as it is
well known this is not so

One immediate deficiency that are encounters isassociatedwith solvingequations as we will demonstrate

shortly numbers such as TE TE cannotberational
so that the equations x 2 x 17 that appear isapplicationsdonot haverationalsolutions Other deficiencies
exist but we will discuss them in the next lecture

We will now discuss a systematic approach to

demonstratingthat solution of certain polynomialequations
cannot be rational
Definition Anumber 2 is called algebraic if it

satisfies a polynomial equation with integer
coefficients i.e if there exist a natural
number h and integers ao an E Z



sit quit an.ie t cut 9,2 90 0

Then ik is an algebraic number since it solves the
equation x 2 0 Similarly if c TETE then
22 1 775 24 775 42 15 15 26 32413241 15
E 32435 16 0 z is a solution of a polynomial

equation with integercoefficients
and thus is an algebraicnumber

we have the following
µRational Zeroes Theorem Suppose g
wherepig EZ

and geo is an irreducible traction that satisfies
the equation

I anX t anyX t ta X190 0 where

90 in 9h E K with ao ah 0 Then p divides a o and
9divides an
Proof substituting 2 into I we have

an F t any F I ta Eg tao 0

Multiplying this equation by gh we get

anputanyph g tu ta pg t Gogh o

we can facto c ont p from the first h teens in C
to get

pCahp t anyph2g t n 19,9 aog



aog must be divisiblebyp either ao is divisible

by p or g is divisibleby p However p and ghave no
common factors ao is divisible byp Now factoe g
from the last uterus inC f

anp gLan p t an29ph4 ta ghf taog
we use the same logic an P is divisible byg
but p and g have no common factors hence phcannot
be divided by q an is divisible by g

Examle fr is not rational let x et
x2 2 1 2 207 Assume that x is

rational i e there exist integers p and g s t
X Ig Thenby RET 9 divides 1 and p divides
2 g It and p II I 2 Possiblechoicesof

tf I 1 I 2 X It or I 2 However ftp.t2 1

and LI42 2 2 Neither choiceof x satisfies
x 2 0 no rational solutions Tc isnot
rational

Example show that c Tiff is notrational



We already showed E 32435 16 0 Assume E Eg

where p q are integers and the fraction is irreducible
RET p divides16and q divides 1 9 11 and
p Il IZ I 4,18 I 16 2 42 11 IZ I 4,18 I 16

If 2 I l I 3 t 3 IG 15 0

If z I 2 64 3.16 13.4 16 12 f O

no rational solutions to the polynomialequation
z is not rational


