
 

Completeness Axiom every bounded set
SC IR has both sup and int What about
unbounded sets Introduce the definitions

Defy If S is not bounded from above then
we say that sups x

Det If S is not bounded from below then
we say that infs x

In other words c sup s x S s is not
bounded from above S does not have an

upper bound s HM o this M is not
an upper bound on S HM O T s E S

sit s M
sup s x if for any M 0

there exists se S sit s M

s infS x S s is not
bounded from below S does not have a
lower bound HM so this M is not
a lower bound on S HM so I s E S

sit S LM infs x if for any Mso
there exists se S sit son M



Now choose any set sck c if S is bounded
from above sups real Calif s is not
bounded from above sup S x

G if S is bounded
from below infs real cyl if S is not
bounded from below infs x

e Any set of real s has a supremum and
infrunt Mo

i suppose sup s x 5 0

G I suppose inf s x 5 01

I show that sup 5 0 where 5 IN

Proof Choose any M 0 and consider

M and I 5 3 he IN s t h I M
h M i there exists he 5 sit h M

sups no



4 show that infinitum of the set
S h h E IN is x

Proof Recall inf S x if this 0 there
exists se S sit S C M Choose any Mco

consider M and I both M and I o 5
there exists an h C IN s t h I M 02

h M Since h 3 I h 3h31 h's I
h's h Combine this with us M h ly

Lu's cm C ht's in
5 Show that for S Tn h C IN

if 5 1 sups D

Proof if 5 1 Ca Bydefinition of S rn 31

for anynew l is a towel bound ou s
b choose ay t I note that

I E s there is an elementof
S below t t is not a lower
bound for S

A P
b sups _x chooseany M o In C IN s t

for land142

n I M Tn TE IMI M there exists



an elementof S larger than M 1

6 Suppose S CT Then sup s E supT and
int S in ft

Proof For every t ET TE Supt since supt
is an upperbound on T because S CT

we have se sup T for every s E s supt
is an upper bound on S At the same time

sups is the least upper bound on s

sup S E Supt Proof of infs in ft is similar

G suppose that the sets A and B are nonempty
Define A113 stt SEA te B Then

sup ATB sup At supB

Koot Note that A B 0 supA supB x

I suppose that at least one of the sets A B is
not bounded from above w l o g assume that
It is not bounded from above supA x

since not a x t x D supAt supB
anynumber



Now choose any b E B and define Atb stb
SEA Atb is not bounded from above prove
this hence sup Atb x However

A be At B sup Cattle supUttB sup tBfq
b Now suppose that both A and B are bounded

from above supA and supB are finite s

and se supA fore ang se A auf te supB for all
te B For any SEA and te B

St t e sup At supB
that is supAtsupB is an uppes bound ou At B It
remains to show that sup At supB is the leastupper
bound ou At B To demonstrate this note that
if 0 then

supA E is not an upperbound on A there
exists an so C A sit so supA E

supB E is not an upperbound on B there
exists an to C B sit to supB E

Sotto E ATB and Sotto supA E t supB E
Sotto supAt supB E

conclusion sup At supB e is not an upper



bound on A 113 for any E 0

sup ATB _supatsupB


