
 

A differential equation is any equationthat contains an unknown function and its
derivatives

Examples of differential equations

a y't 2g x 0 Cb y g'tJx aux

e y y gig ex d to o

Immediately we can classify these equations
according to the type of derivatives that areinvolved
C ordinary derivatives ordinary differential

equation CODE
e Partial derivatives partial differential

equation PDE

Hence Ca c above are ODES and d is a PDE
In this course we are only concerned with ODEs
Next we can classify differential equations according
to the order of the highest derivative that appears
in it ca is the first outer ODE b is

the second order 0 DE Cc is the ODE of order 5



and d is the second outer PDE One general
consequence of the order of a given ODE is

that it tells us how many indefinite
integrals one needs to take to go from the

highest derivative of an unknown function
to the function itself E go to solve the

equation Cal we will need to integrate once
and this will introduce an unknown constant
into the solution the equation Cal should
have infinitely many solutions obtained by
giving different values to one unknown

constantSimilarly to solve b we will have
to integrate twice and there will be twounknownconstants To solve G we will have to
integrate five times so that the solution should
depend on five unknown constants To summarize
the ordeal of an ODE dictates the number ofunknownconstants that should appear in thesolution
Example Classify and solve the equation

y sur X

this is a third order ODE

y Sy Ix fauxdx cosxtc



y e f g dx f C cos Xtc dx sluxt C Xtc

y fy'd x f faux 19 1 E dx cosxt texts
there are 3 unknown constants

we will call this a three parameter family
of solutions of our ODE

Thus in general an n th order ODE posesses
an h parameter family of solutions

Example Verify that y c cosxt Casinx

is a two parameter family of solution of
the second ordec ODE y ty o

To verify we need to substitute g into the
equation First compute

y x C Sl n x t Czcos

y x c cos X Cz sin x

y cxltylxk cifx cfsux.ie EsI o

y c cosxtczs.mx solves y tty 0 for any
combination of Ci Cz



y c cosxtEsinx is a two parameter
family ofsolutionsofy ty o

Clearly if we choose C I CEO then

y cos is a solution of y ty o that
does not involve any unknown constants This
is a paz4 solution of y t y o other

examples of particular solutions of y ty o

are y sin x y sluxt cosX y 20h X cost etc

Example Find a particular solution ofy ty o

that satisfies the conditions g o I y4g 1

To solve use the two parameter family of
solutions we found above

yG C cosX t GsmX y C sinxtGcosx

I y lol c coff'tCosi c

I jet c spigotcaff Cz
c L Cz I ya cos x SMX



In general an n th order ODE can be
written in a four

E G y y's ya t y t o

where E is some function of htz variables
for example

x'y t zxy I O or e y't y 0

These equation can be solved for their highest
derivative to obtain

y
k 1 or y eY

we will then say that theseequations are
written in their noemalf oun

yet f x y y's yya

classification by linearity Any equation of
the foamy any functionsofX T

au G y t an iG y t ta G y'taokly fG
is a line equation all other equations are
called nonlinear For example



Hy t X y't y sin x second order lineal ODE

xy t kg xy
1 0 fifth order lineal ODE

Xy t sinxyZ y secondorder nonlinearCODE

yy'ty'll y third order nonlinear ODE

More examples s verify that y x

solves xJ Xy Sy o and classify the ODE

This is a second order linear ODE To check
if x3 is a solution substitute in to the ODE

y 3 2

y e 6 x

Ey Xy 3g x Gx x 3
2
3
3

0

Verify that x4y l is a solution of

the OBE Yy't x 0 This is a first ordernonlinearODE we need to substitute the given
function into the ODE however the function

gas is given by x y I implicitly Need
to take the derivative implicitly



645 c CxYt GY o

Chain

µq 2xt2yyt o y Ey Substitute this
back into the equation

yy't x y C f Stx xtx o

a x4y2 l is an implicit solution of
yy'tx o


