
 

Suppose that the function y't x s X 1

is specified implicitly What kind of ODE
will a function like this satisfy

Take an implicit derivative
Cy't x x 1 o

2yd t Sx I o this gives
us an equation for the implicit derivative but

I can also be thought of as an ODE

Zyy't 3 2
1 0

that our implicit function is a solutionof
This ODE is also a separable equation

Zydy CsxEi dx
can solve this by integrating both
sides

Also note that if we replace 1 by C

in the definition of the implicit function
we still get I after taking an implicit
derivative y't x c is a one para



meter family of solutions Coe the general
solution of

Let's now see what ODE the general
implicit expression

F G.gs C would satisfy
Since y is a function of X we can write

F Cx y x C for all

Now take the derivative of both sides w.it
x using the multidimensional chain mle

d tf o this is called
the firs order

can also write it in this exact ODE

form
o
dy dx 0

To summarize IG g C is thegeneral solution

of the exact equation dat dx o

Now suppose we have an equation

PGigldx QG.gldy o



It will be exact if there exists a function
FLxyl s t Puig and QQ.ly 0FGg

How would we know that such function exists
If it does

e s

EE.EE EEz

Fife because f x g
It turns out that the reverse is also true

If and these partials are continuous

then D 8 and Q

The ODE PdxtQdy o is exact if
op IQ
g DX

Ex Is the equation x2dxt cosydy o exact
If yes find the general solution

We have that Play x'andQQ.gl cosy
so 81 0 so that Fg 9 the ODEisexact



Because the ODE is exact there exists a function
F Cxg such that

8 PG.gl X ftg QG.gs cosy
to find E integrate the first equation in while
holding y fixed

FLx y I dx SPdx Sx'dx t Ccgs
note that c may depend on y because y is being
held constant To find C g we take the derivative
of F w r t g

Eg Fg Ethyl c'cyl Q cosy

c'g cosy c g I cosydy sing
FG g t sing

Recall that Ekg I C is thegeneral solutionof the exact
equation dat dx o our generalsolution is

smy c

Suppose now that we have a separable equation

y f G g g



duff f G g y gdfy fLxIdx fG dx 1 dy o
god4 U

egg fall o
H QQ.gl

9 Egg
anyseparable
equation isalso
exact

the opposite is not true as we show in
the next example
Ex Is the equation G g Dx LettsDdg O exact
If yes find the general solution
First note that this equation is not separable
Here PG.gl x 3g and QG.gl Cet tsx

Op

g
3

8 s

equation
is exact

p x sy off Letts x

F G y S dy fQdy f e4sx dy
Lettsxy t CG

y f L Lett g t CG Sgtc'G



c'CxI x cut FG.gl LettsxyJtE

Thus the general solution of the OBE

LettsxyHE c

the solution is in the implicit four

Ex Solve the initial value problem

I Ix ce4syg
o

From the previous example the general solution is
LettsxyHE c e 48.91 toxic c e

solution of the IVP is LettsxytE e

Ex Is the equation ylny exydxtftytxlnyjdye.co
exact If yes find the general solution

buy e 4dxtGytxhy dy o

X Q
check fig



Cylny e b lnyty.ly e Hey
lnyti xe

xtff

f yttxh.gl hey

fig 4 the equation is not
exact

Ex Is the equation 3xyldythity dx o

exact If yes find the general solution

zxddytlxftydx o ogI fzcxkyf.gl
Q P

Op Oo
Ty 801 05 3 8 y
equation is exact P FAX

f x'tog xyz
QE y

Fay f xkysjdx II yxtc.ly
OF

of icy c'yj o Go

F Gig ty3x



Ex Is the equation telnetE dx G buddy
exact If yes find the general solution

it but dx G buddy

Gtlnxt Idx G lux dg o

Tim g
op
age 8 aux it
equation is

L

f i ln
exact

fIy lnx I Ebay faux c dy
Chex ily t CGI

ltlnxtff IE fzklnx fytc.GL I ckx
dad luxti ccxt fclnxtddx
flnxdx fldx flnxdxtxfu hrxdt d.tt

dv dx v x

xlnxtx SXd xlnxtx xlux

FCx.gr Clnx iIytxhrx c



Ex Solve the initial value problem
xd zxe y 16

2

gas o

xd 2xe y tax xdy GxeEyt6xYdx
axe't y 16 4 dx xdy o

T F g
I

9 exetytai 8 if E7IF
FK.yj fcuekytsxydx zfxexdx fydx
6fxdx zlxex e4 yxtzxstc.ly since

sxektx.IEexd TIhex xet SEdx
xetexDF

x
y

x tCky c'Cgt o egg o

EG.yj fzcxex.ee yxtcx3 C

acted't Fitz.i c e a



zcxex.ee yx 12
3 2 1

Note xdd 2xe y 16
2

5

Xy'ty 2xe t 6
2 linear equation

can solve byusing
integratingfactor


