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Now the resistance force between the
block and the ground is proportional to
the velocity of the block and it acts in
the direction opposite to the blockmotion
since it attempts to slow it down
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The 2ndNewton's Law is
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Now the position of the block relative
to the equilibrium length of the spring is
and can vary with time t

position x CH Notation

velocity v ICH htt _d

acceleration a volts xCtl
and the 2nd Newton's Law becomes
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To fully determine the heous ODE
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position of the block at coefficients
any time we also need to
know its initial position and velocity
position of the block at any time

can be determined by solving the IVP
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To solve characteristic equation
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Therefore as expected without friction
the position of the block will oscillate
relative to the equilibrium never stopping
we can use the initial data to determine
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Therefore CH oscillates between
A we call It the amplitude of
oscillations I is called the phase

Because the sine function has a period 21T



the motion of the block is periodic w period
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the block repeats its notion after tenet

The number of times the block will
repeat its motion in one unit of time
is then given by f this is called
the frequency of oscillations

Ex I i suppose that a blockofmass rug is attached to a wall
with a spring and that the block can bemoved
on the floor in the direction perpendicular to the
wall A test of the spring reveals that stretching
thespringby 10 em requires the face of 0.8N
If the block is moved awayfromthe wall by
20cm and then released from rest determine the
position of the block at any time What is
the amplitude the phase the periodand the
frequency of motion of the block if there is no
resistance between the block and the floor
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C The force required to stretch the spring
by 10cm 0 I m is 0.8N the springforce

compensating the applied force is Kao I
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Ex 2 Suppose that once the mass of 160g is
attached to the end of the spring hangingfrom
the ceiling the spring is elongated by19.6cm
Suppose that there is no aiceresistance 02 other
sources of friction If the mass is then pulled
down by4 em and then released with the upward
velocity of 1 m s find the position of the
block at any time t
il
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c Now that the springforce compensatesgravity
in equilibrium we can neglectgravity in the
rest of this problem and consider the location
of the block when it stopsmoving as the
equilibrium of thespring mass system
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Motion in presence of friction
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characteristic equation
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The solution to the ODE is

Ct c e FattygetstFw4t
and x htt o as tox as expected the
motion will eventually cease due to friction
2 y w characteristic equation has one
solution t y Then
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In the three cases above the resistance always
eventually stops the motion The strengthoffrictionis measured by 8 It is theweakest in the
case G and the solution in this case is still
ableto oscillate This case corresponds to a
spring mass system that is underdamped

In the cases i and G there is at most
he pass through the equilibrium before the mass
stops moving these cases are known as overdamped
and critically damped respectively

Ex 3 suppose that a blockofmass rug is attached to a wall
with a spring and that the block can bemoved
on the floor in the direction perpendicular to the
floor A test of the spring reveals that stretching
the springby 10 em requires the fence of 0.8N
Suppose in addition that the resistance to the

motionis Ed I 0 V

If the block is moved awayfromthe wall by
30 cm and then released from rest determine the
position of the block at any time Classify the
motion according to its damping strength



The spring data is
the same as in Ex I

ox k 8Mm
Tx o

F six tox
ma F becomes 25 8 10

0
or

2 tl0xt8

o

Divide the equation by 2 It5xtYx
characteristic equation 1 4514400

tei ne O t two
veal roots means that the system is overdamped

xttt cie ttqe.at
x Ctl get.yqe ut
0.2 X o c 1 Cz 4 14 0.3 29 0

He
O x Lol G 4G 4 44 29 0.4

a xctt o.ye t o.ie at



Driven motion suppose that we have the
same spring mass system as in the Ex I but
now assume that an external force FLts 8cos Lt
is applied to the mass If the mass is initially
moved by 20cm toward the wall and then
released from rest determine the positionof
the mass at any too
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Now need to solve a nonhomogeneous ODE
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Use undetermined coefficients to find
a particular solution
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Notice that for the applied force of the
fixed magnitude if we change the frequency
2 of force oscillations then the amplitude
of XCH grows larger as L 2 In fact
the solution above is not even valid when
2 2

To fix this problem look for a particular
solution of
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We already know that Xh CtI C cos 2ft Gantt
then Xp Aces 2ft Bs in Zt solves the homogeneous
equation and we need to set
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