
 

The method of undetermined coefficients
often does not work Consider for
example the equation

y t j secx

If we guess that a particular
solution looks like yrs 64 Asec x

then taking the derivative we have

gpl Asecxtanx

which cannot be balanced by secxg if
we try instead

yp Asecx t Bsecxtanx

this would not work either for the
same reason derivatives of this gp
cannot be balanced by functions out
of which yp is composed A different

method is needed



The new method called variation of
parameters works as follows
Step 1 solve the homogeneous equation

y ty o t't l o Efc Ii

yn x C cos Xt Casinx

step 2 Replace C and Cc by unknown
functions of X U G and head and set

yp G u G cos X t UzG sinx

we want to determine u and uz that
make yp a particular solution of

y tf see x

Compute yfcxt ufcosx usinxtudslhx
uz.co

Now because we are looking for one

solution of the ODE and we have two
Unknown functions we can assume



that these functions satisfy any
additional equation We will set

u cos yds thx 0

then substituting this into C S

ypl U S th X t Uzcos X

Now take the second derivative

yp Ui's thx 4 cos X TUEcosX Uzsinx

It follows that

yp t yp Ui's thx 4 tufcosx uzs.mx

1 US UGH Ui's inX twoX
and because yp typ see x we get

uIsinx t 4 cos X see

Therefore u and u I satisfy two equations
ulcosxtuisinx o

u sinx t 4 cos X Sec x



we solve this system for u and uE

Multiplying the first equation by sinx
the second by cosx and adding we have

sin x u t uIsin x t cosxfuisfxtujcosxj
cosx.se ex I

sin x cost ul I ul I UE X

Now from the first equation
ui e ul faux tan x

u Stan dx S dx on

du sin xd x
f due lulu I but cosx I

Notice that I am not adding arbitrary
constants to either of the integrals above
because I am looking for a singleparticular
solution Therefore

yp x U G cosX t 4261 sur X cosx lnIcosx It Xscux



In general one does not need to
rememberthis procedure but know theformulathat results from it

suppose the equation azy ta y'taoy o

has the general solution yhkkciy.CHEyed
and we want to find a particularsolutionof 9cg ta y't ao y f Cx Then

yp Ui 6 y G t 42k1grLx where

u ud HI
w

and w ly yes ft GEf is the Wronski au
Let's try to use this procedure on the

example above

y t y secx

Recall ugh c cos X t Cain x

y Lx cosx and yet sin x



cos X S Ih XW Cy yz Is cos I cos'xtsiEx I
Because f x secx

u 8 shYse tan

ul 7 eosx.se

the same equations as we saw above

Ex I y t y cos x

step 1 solve y ty o

t't l o T Fi I i

y h
C Y X t CescYi X

Yi Ye
step 2 Variou of parameters

yp 4,61 cos X t Udx slux where

u ftw yet fyi
w



W Ceosx sur x
cost sin x

Smx cos
cost

sink I

u Cotys cosiscux

u Costco cos x

U Cox
u f cost sinxdx

due scum
fully

uz f cos x dx cost cosxdx

SCI sins cos d hX

du cosxd Ill 44du
U scux sink

gp
ws cosxtGux YI scux

y C cosxtczsiux
0 sine sink



exe y y
9

step y y o F I o EI I

y hey C e EEE
step set yp mixture

y c ya
w G Yet Lee e text ele E 2

u 8 e ex_ ex q e

u Exe
u Suit E z9xE Ex e

ex

u f C Ex e I dx ES x e ex IIIFuad zeal

E CEx e t ES e dx

9zC Exe ty e 2x Eye Ext E
du Dx

uef Ex e I dx Efxi dx II etxdxw tye.at



E f te x e t te f e Kdx

Ez f y x e
w
fo e
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f e
Y x

x t te l
y p u e't me e 4 x c E e

ay e
Y x

x t te ex

f e x El E e x ites

of e Get E I Get It
of e E x t f f e Cx tf

u the other hand

y y
9 9 e
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Undetermined coefficients

Yp A x B e SX

ypl A e t A x B s e



CA 34 313 e

jpl 3A e t A sax 313 C 3 e

se ATA 3A x 313

y'p yp se ZA 3 Ax 313

e
3 1 13 9 53

3 2A 3A x 3D LAX1131 9 X

6A 19 Ax 1913 Ax 13 9 X

8A x t 813 6A 9 X for all x

8A 9 A of
813 GA O 413 3A O B FA
13 7 I I
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yp CAxtB e Ext E e

f Cx Z e Sx


